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On the Inequalities of I-Designs over a Finite Field 
HIROSHI SUZUKI 
We derive three different bounds on the number of blocks of (-designs over a finite field. We 
discuss the equality conditions and give a short proof of the non-existence of tight (-designs 
over a finite field. 
1. INTRODUCTION 
Let S be a finite set. For each non-negative integer r, e) = (~)l denotes the set of all 
r element subsets of S. When S is the set of projective points of a vector space V over a 
finite field GF(q), C)q denotes the set of (r - I)-dimensional projective subspaces of 
V, i.e. the family of subsets of S corresponding to r-dimensional vector subspaces of V. 
If dim V = n, (~)q denotes the cardinality of (~)q. Hence 
(n) = r-l qn-i - 1 n r-i l' r q i=O q -
and the ordinary binomial coefficient (~) = G)l is considered as the limit value of (~)q 
at q = 1. To avoid repetition we write dim T = r for a subset T of S if T is in e)q' 
Let X and Y be non-empty finite sets and I c: X x Y be an incidence relation, where 
X is the set of projective points of a vector space V over GF(q). We also include the 
case q = 1, unless otherwise stated. Here by q = 1 we mean that X is an abstract finite 
set. Let Xy = {x e X I (x, y) e I}. 
DEFINmON 1.1. (1) An incidence system (X, Y; I) is a {t}-(n, AI> ... , At; q) design 
or {t}-design for short, if each Xy is an element of (~)q for some integer ky and 
I{y e Y I (x, y) e I for all x e a}1 = Ai 
for all a in (t)q and i = 1, 2, ... , t, where n = dim X. 
(2) A {t}-design (X, Y; I) is a t-(n, k, At; q) design, or a t-design for short, if k = ky for 
allyeY. 
In this paper we study generalized Fisher inequalities for {t}-designs. For t-designs 
they are known as the Ray-Chaudhuri and Wilson inequalities if X is a set, or the 
Delsarte inequalities if X is the set of projective points of a vector space V (see [3] and 
[4]). The concept of {t}-designs was introduced and studied in a similar setting in [5] . 
The condition of {t}-design is enough to have generalized Fisher inequalities; however, 
we also prove that if a {t}-design attains the bound it is always a t-design (see [1]). 
Moreover, if X is the set of projective points of a vector space V, we prove by a 
simple computation that the bound for t-designs is worse than a simpler bound 
obtained from the case A = 1. Consequently, we have the non-existence of tight 
t-designs for q > 1 as a corollary, which is a result of L. Chihara in [2]. 
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2. FISHER'S INEQUALITIES 
The results in this section are essentially known (see [1] and [5]). 
LEMMA 2.1. Let (X, Y;I) be a {t}-(n, AI>"" At;q} design. For non-negative 
integers rand s with r + s ::s;; t, let a E (;)q, and fJ E (;)q with a n fJ = 0. Then the 
number of elements in 
A:( a, fJ) = {y E Y I a c Xy and fJ n Xy = 0} 
is a constant A: independent of the choices of a and fJ. Moreover, we have 
A:=A:+1+qS A:+1 if r+s+1::s;;t with A~=Ar' In particular, A: together with A:+ 1 
determine A:+1. ' 
PROOF. Let fJ' E (s! dq , fJ c fJ', fJ' n a = 0 and 
q' 
fJ' = fJ U U Yi' 
i=l 
where Yi E ( ~) q' 
Let ai be in (r!l)q such that ai:::> a, Yi' Then 
(disjoint). 
Since A~ = Ar for r = 0, 1, ... , t with Ao = IYI, we have the assertion by induction. 
For finite sets A and B let Mat(A, B) denote the set of all matrices over the real 
numbers IR having A and B as row and column labeling sets, and for ME Mat(A, B), 
(a, fJ) EA x B, Let X[a, fJ] denote the (a, fJ) entry of M. Let ~A denote the all one 
row vector the columns of which are indexed by the set A. 
LEMMA 2.2. Let (X, Y; I) be a {t}-design. For non-negative integers r, sand u with 
r + s ::s;; t, u::S;; r, let 
((X)) { 1 if Xy n a E (Xu )q' N~ E Mat , Y ,N~[ a, y] = ' 
r q 0, otherwise; 
(( X) (X)) {1 if an fJ E (Xv )q; W;:'. E Mat r / s q , W~s[ a, fJ] = ' 
0, otherwise. 
Then 
PROOF. Let a E (;)q, fJ E C~)q with an fJ E C~)q. Then 
N~(N:)T[a, fJ] = I{y E Y I acXy, fJ nXy E (~)JI 
for some Y E (~) q 
and 
Y' nXy =0 D 
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THEOREM 2.3. Let (X, Y; I) be a {t}-design. If A! * ° with 2s ~ t, then (~)q ~ IYI, 
where n = dim X. 
NS(N?)T = ASWo s S S 5S 
s-1 
N!(N~)T = L Ag.-vW~s + A~W!S1 
v=O 
where W!s is the identity matrix I in Mat«;\, (;-)q)' So there exists a matrix M in 
Mat(Y, (;-)q) such that N!M = 1. Hence G)q ~ IYI. D 
REMARK. In the proof we used the fact that the A~'S with s ~ u ~ 2s, ° ~ v ~ s, 
s ~ u + v ~ 2s are constants. Since these constants are determined by A~, ... , Ag. by 
Lemma 2.1, we have the following corollaries (see [1]). 
COROLLARY 2.4. Let X be a non-empty finite set, and Y a non-empty collection of 
subsets of X. For each i=s,s+l, ... ,2s, assume that Ai=I{YEYlaicy}1 is 
independent of the choice of ai E (7). If there exists y E Y such that s ~ Iyl ~ IXI- s, 
then 
PROOF. Let y be an element of Y such that s ~ Iyl ~ IXI- s. Let a E e) and 
fJ E (X;y). Then y E A~(a, fJ). So A! *0. Hence we may apply Theorem 2.3. D 
COROLLARY 2.5. Let Y be a non-empty finite set and X a non-empty collection of 
subsets of Y. For each i = s, s + 1, ... ,2s, assume that 
Ai = In ail = I{y E Y I y Exfor any x E ai}1 
is independent of the choice of ai E (7). If there exists Xl> X2, ••• ,X2s in X such that 
(flXi) n (. U Xj)C *0, 
.=1 J=s+1 
then 
(I~I)~ IYI. 
PROOF. Let I = {(x, y) E X X Y lYE x}. Then we have A! * ° by our assumption. So 
we may apply Theorem 2.3. D 
COROLLARY 2.6. Let V be an n-dimensional vector space over a finite field GF(q), 
and Y a collection of subspaces of V. For each i = s, s + 1, ... ,2s, assume that the 
number 
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is independent of the choice of i-dimensional subspace (¥i of V. If there exists y E Y such 
that s ~ dim(y) ~ n - s, then 
REMARKS. (1) Corollary 2.4 is a generalization of the Ray-Chaudhuri and Wilson 
inequality and has already appeared in [1] and [5; Theorem 3.2]. 
(2) Corollary 2.5 is the dual of Corollary 2.4 and gives the bound on the size of the 
family the i distinct members of which intersect in exactly Ai points. Note that X is a 
collection of Al element subsets of Y in this case. The bound for the case s = 1 seems to 
be well known. 
(3) Corollary 2.6 is a generalization of the Delsarte inequality in [2]. See the 
following sections. 
(4) For the examples of {t}-designs, see [5-8]. [5] treats the case when X is an 
abstract set and [5-7] give constructions of 2-designs when X is the set of projective 
points of a vector space. 
3. TIGHT CASE 
A tight t-design is defined to be a {t}-design (X, Y; I) satisfying the equality in 
Theorem 2.3. 
In this section we show that every tight 2s-design is always a 2s-design. So in that 
sense there is no 'tight {2s }-design', which is not a 2s-design. 
THEOREM 3.1. Let (X, Y; I) be a tight 2s-design with A~ '* O. Let ~ i = ~ eDg' and 
~ = ~s' Then 
(1) ~N~ = As~' 
(2) ~iM= Ai(i)qllYl~· 
(3) (X, Y; I) is a 2s-design. 
PROOF. We have ~(N~)T = C)qA~-u~. Note that N~ is a square matrix as the design 
is tight. Since N~M = I, with MT E (}fl, N~, ... ,ND, ~M = (¥~ and ~N~ = ~M-I = 
(¥-I~. Note that (¥ is non-zero as M is non-singular. Since N~~T = As ~T, we have (1). 
Similarly, 
i i 
NiM= ~ a WV 
I L.J v IS or M= L (¥vW~N~. 
v=o v=o 
So 
i 
1iM= L (¥v 1iW~N~ 
v=o 
Since M~T = Ai ~T, we have (2). In particular 
and (X, Y; I) is a 2s-design. o 
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4. q > 1 CASE 
The objective of this section is to show that if q > 1 there is no tight t-design by 
elementary computation. This is a result of L. Chihara in [2]. 
The first key Lemma, 4.2, is in Toyoharu Ito's master thesis at Osaka Kyoiku 
University, but we give a complete proof as it is written there in Japanese. 
LEMMA 4.1. Let (X, Y; I) be a t-(n, k, A; q) design. Then the following hold: 
(1) Ai=A(Z=:)qlG:=Dqfori=O, 1, ... , t. 
(2) For non-negative integers i, j with i + j ~ t, let a E ('}')q, fJ E (/: i)q with a c. fJ. 
Then the number of elements in the set 
l1(a, fJ) = {y E Y I a c.Xy c. fJ} 
equals 
PROOF. (1) Let a be in <1')q. Then we have 
So (1) follows from the following equality: 
( k -~) (n -~) = (n -~) (n - t) . t-lqk-l q t-lqk-t q 
(2) Let fJ'E(n-7-1)q such that ac.fJ'c.fJ. For i,j with i+j+l~t, we prove 
Il{ = Il{+l + qn-k-ill{+l by induction on j, where Il? = Ai = A? 
Let r = l1(a, fJ) - l1+1(a, fJ') and P = fJ - fJ'. For Y E r let I'y = {y E l1(a, fJ) lYE 
Xy}. Then /PI = qn-k-l and for each y E r, there are qk-l y's inP such that y E I'y. SO 
IFI = qn-k-irln Now the results follow by induction. 0 
LEMMA 4.2. Let (X, Y; I) be a t-(n, k, A; q) design with q > 1. Let IJ.. = {(x, y) E 
X X Y I x E Xi} with respect to a non-singular inner product on V. Then (X, Y; IJ..) is a 
t-(n, n - k, to; q) design with y~ = A(n kt)ql(Z =:)q' 
PROOF. Let a be an element of (7)q' Then 
A(a) = I{y E Y I ac.X~}1 
= I{ Y E Y I Xy c. aJ..}I 
= y~. 
PRoPosmON 4.3. If 0 < t < k ~ n 12, and q > 1 then 
o 
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PROOF. Let L be the left-hand side of the inequality and R the right. Let s = [t12]. 
as 
or 
(qn _ 1) ... (qn-t+J - 1) 
L = (qk _ 1) ... (qk-t+J _ 1) 
(qn _ 1) ... (qn-s+1 _ 1) (qn-s - 1) ... (qn-t+1 - 1)(qS - 1) ... (q - 1) 
=~~~--~----~~ (qS _ 1) ... (q - 1) (qk - 1) ... (qk-t+J - 1) 
(qn-s _ 1)(qS _ 1)(qn-s-1 _ 1)(qS-J _ 1) ... (qn-2r+J - 1)(q - 1) 
~R·~~--~~--~~~---7~----~~~~----~~~-­(qk _ 1)(qk-1 _ 1)(qk-2 _ 1)(qk-3 _ 1) ... (qk-2r+2 - 1)(qk-2r+1 - 1) , 
qn-t+J - 1 
qn-k+l _ 1 ~ 1. 
Since 2s :s:; t < k < 2k :s:; n, it is enough to show that 
(q2k-s-i _ 1)(qS-i - 1) 
(qk-2i _ 1)(qk-2i-1 _ 1) > 1, 
Since 2k - 2i - 1 ~ 2k - i - sand k - 2i - 1 ~ s - i, 
(q2k-2i-l _ q2k-4i-J) + «q _ l)q2k-2i-l _ q2k-S-i) 
+ qk-2i-l + qk-2i _ qS-i ~ qk-2i > o. 
Hence we have the assertion. 
CoROLLARY 4.4. If q > 1, there is no tight t-design. 
o 
PROOF. Let (X, Y; I) be a tight t-design. Then by Lemma 4.2, (X, Y; 11.) is also a 
tight t-design. Hence we may assume that k is less than or equal to n12. Since 
We have 
a contradiction. o 
REMARKS. (1) By Proposition 4.3 and Corollary 4.4, it is natural to ask about the 
existence of t-(n, k, 1; q) design with q > 1. We do not have an answer to this 
interesting question. 
(2) Let V be a 3-dimensional vector space over GF(q), Y be the set of projective 
points of V and X = (Dq • Then (X, Y; I) is a tight 2-design as 1« n PI = 1 and 
lal = q + 1 for all a, P E X, a"* p. Here I is defined by the natural inclusion. So a tight 
t-design exists for the dual, but this design should be treated as the classical tight 
t-design corresponding to the bound in Corollary 2.4. 
Inequalities of t-designs W7 
REFERENCES 
1. P. J . Cameron, Generalisation of Fisher's inequality to fields with more than one element, Lond. Math. 
Soc. Lecture Note Ser., 13 (1974) , 9-13. 
2. L. Chihara, Applications of the Askey-Wilson polynomials to association schemes, Ph.D. Thesis, 
University of Minnesota, 1985. 
3. P. Delsarte, Association schemes and t-designs in regular semilattices, J. Combin. Theory, Ser. A , 20 
(1976), 230-243. 
4. D. K. Ray-Chaydhuri and R. M. Wilson, On t-design, Osaka J. Math., 12 (1975), 737-744. 
5. H. Suzuki, t-designs in H(d, q), to appear in Hokkaido Math. J . 
6. H. Suzuki, 2-designs over GF(2m), to appear in Graphs Combin. 
7. H. Suzuki, 2-designs over GF(q), preprint. 
8. S. Thomas, Designs over finite fields, Geom. Ded. , 24 (1987) , 237-242. 
Received 12 September 1989 and accepted in revised form 9 April 1990 
HIROSHI SUZUKI 
Mathematical Sciences Division, 
Department of ArLr and Sciences, 
Osaka Kyoiku University, 
4-88 Minami-Kawahori<ho, Tennoji-ku, 
Osaka 543, Japan 
